Locally conformal symplectic structures on Lie algebras of type I and
  their solvmanifolds by Origlia, Marcos
ar
X
iv
:1
80
8.
03
13
4v
1 
 [m
ath
.D
G]
  9
 A
ug
 20
18
LOCALLY CONFORMAL SYMPLECTIC STRUCTURES ON LIE
ALGEBRAS OF TYPE I AND THEIR SOLVMANIFOLDS
M. ORIGLIA
Abstract. We study Lie algebras of type I, that is, a Lie algebra g where all the
eigenvalues of the operator adX are imaginary for all X ∈ g. We prove that the Morse-
Novikov cohomology of a Lie algebra of type I is trivial for any closed 1-form. We focus
on locally conformal symplectic structures (LCS) on Lie algebras of type I. In particular
we show that for a Lie algebra of type I any LCS structure is of the first kind. We also
exhibit lattices for some 6-dimensional Lie groups of type I admitting left invariant LCS
structures in order to produce compact solvmanifolds equipped with an invariant LCS
structure.
1. Introduction
The most important class of Hermitian manifolds is definitely the class of Ka¨hler man-
ifolds. Given a smooth manifold, there are topological obstructions to the existence of
a Ka¨hler metric and it is known that many important manifolds cannot admit Ka¨hler
metrics. A bigger class of Hermitian manifolds is given by the locally conformal Ka¨hler
(LCK) manifolds, which have shown to be of great importance lately. These are Hermit-
ian manifolds such that each point has a neighborhood where the metric is conformal to
a Ka¨hler metric. Equivalently, a Hermitian manifold (M,J, g) is LCK if and only if there
exists a closed 1-form θ such that dω = θ ∧ω where ω is the fundamental 2-form. In this
case, the 1-form θ is called the Lee form. LCK manifolds were introduced by I. Vaisman
in [37] and deeply studied by many others authors since then.
Now, if we only consider the equation dω = θ ∧ ω for a non degenerate 2-form ω and
a closed 1-form θ and do not assume the existence of a Hermitian structure, we arrive
at the notion of a locally conformal symplectic (LCS) manifold. These manifolds were
considered by Lee in [27] and they have been firstly studied by Vaisman in [37]. Some
recent results can be found in [10, 20, 21, 22, 26], among others. This topic is very active,
for instance, in [8] the authors proved that certain compact complex surfaces admit a
LCS structure. This is an important step towards showing that every complex surface
(except Belgun’s counterexamples of some Inoue surfaces) carries a LCK metric. LCS
manifolds are also very important in theoretical physics, in particular locally conformal
symplectic structures play an important role in Hamiltonian mechanics, generalizing the
usual description of the phase space in terms of symplectic geometry. Indeed, the phase
space of a Hamiltonian system is the cotangent bundle T ∗M of a manifold M which
parametrizes the positions of the physical system. The cotangent bundle T ∗M is in
a natural way a symplectic manifold, where the symplectic 2-form ω is given by the
differential of the tautological 1-form on T ∗M . Since ω is non degenerate, then the
Hamiltonian vector field is uniquely determined by ω. The fact that non-degeneracy is
a local condition implies that the definition of the Hamiltonian vector field is local and
therefore locally conformal symplectic manifolds provide an adequate and more general
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context for Hamiltonian mechanics. It can be seen that the cotangent bundle T ∗M admits
a canonical exact locally conformal symplectic structure (see for instance [13], [22]).
There is a way to distinguish LCS structures on a manifold, since they can be of the
first or of the second kind in the sense of Vaisman (see [37]). To do this distinction
one considers infinitesimal automorphisms of (ω, θ), i.e. X ∈ X(M) such that LXω = 0
where L denotes the Lie derivative. This implies LXθ = 0 as well and therefore θ(X) is a
constant function on M . If there exists a infinitesimal automorphism X with θ(X) 6= 0,
the LCS structure is said to be of the first kind, and it is of the second kind otherwise.
In this work we focus on left invariant LCS structures on Lie groups or equivalently
LCS structures on their Lie algebras. We also study the existence of lattices in these Lie
groups in order to obtain compact examples of manifolds admitting LCS structures.
In [14] it was shown that any LCS structure on a nilpotent Lie algebra is of the first
kind and they proved that certain Lie algebras with a LCS structure of the first kind are
a double extension of a symplectic Lie algebra.
In this work we consider a larger class of Lie algebras which includes the nilpotent ones,
namely the Lie algebras of type I. Recall that a Lie algebra g is said to be of type I if all
the eigenvalues of the operator adX are imaginary for all X ∈ g (see [32]). Note also that
a Lie algebra g of type I is in particular unimodular, which is a necessary condition for
the associated simply connected Lie group to admit lattices according to a result of [30].
Recall that a Lie algebra is unimodular if tr(adX) = 0 for any X ∈ g. Our aim in this
work is to study Lie algebras of type I equipped with LCS structures and the existence
of lattices in the associated simply connected Lie groups.
The outline of this article is as follows. In Section 2 we recall some definitions and
known results about LCS structures on manifolds and on Lie algebras. In particular
we recall some results of [14] about LCS structures of the first kind on Lie algebras.
In Section 3 we study Lie algebras of type I and we prove our first result about the
Morse-Novikov cohomology for a Lie algebra of type I (see Corollary 3.3). Then we focus
on LCS structures on these Lie algebras and we prove that any Lie algebra of type I
admits only LCS structures of the first kind (see Corollary 3.5). We determine all the
4-dimensional Lie algebras of type I and we also determine all the 5-dimensional Lie
algebras of type I admitting a contact structure. Then we use this classification to show
examples of 6-dimensional Lie algebras of type I admiting a LCS structure. Finally in
Section 4 we exhibit lattices in the simply connected Lie groups associated to some of
these Lie algebras in order to produce compact solvmanifolds equipped with invariant
LCS structure.
Acknowledgements. This work was partially supported by CONICET, SECyT-UNC
(Argentina) and the Research Foundation Flanders (Project G.0F93.17N). I would like
to thank A. Andrada for his interesting comments and useful suggestions on the first
versions of this paper.
2. Preliminaries
A locally conformal symplectic structure (LCS for short) on the manifold M is a non
degenerate 2-form ω such that there exists an open cover {Ui} and smooth functions fi
on Ui such that
ωi = exp(−fi)ω
2
is a symplectic form on Ui, i.e. dωi = 0. This condition is equivalent to requiring that
(1) dω = θ ∧ ω
for some closed 1-form θ, called the Lee form. Moreover, M is called globally conformal
symplectic (GCS) if there exist a C∞ function, f : M → R, such that exp(−f)g is
a symplectic form. Equivalently, M is a GCS manifold if there exists a exact 1-form θ
globally defined onM such that dω = θ∧ω. The pair (ω, θ) will be called a LCS structure
on M .
It is well known that
• If (ω, θ) is a LCS structure onM , then ω is symplectic if and only if θ = 0. Indeed,
θ ∧ ω = 0 and ω non degenerate imply θ = 0.
• The same argument shows that θ is uniquely determined by equation (1), but
there is not an explicit formula for the Lee form.
• If ω is a non degenerate 2-form on M , with dimM ≥ 6, such that (1) holds for
some 1-form θ then θ is automatically closed and therefore M is LCS.
If we add a Hermitian structure (J, g) on M compatible with the LCS 2-form ω, i.e.
ω(·, ·) = g(J ·, ·), we arrive to the notion of locally conformal Ka¨hler (LCK for short)
structure onM , where J is a complex structure and g is a Hermitian metric. Equivalently,
(M,J, g) is a locally conformal Ka¨hler manifold if there exists an open covering {Ui}i∈I
of M and a family {fi}i∈I of C
∞ functions, fi : Ui → R, such that each local metric
gi = exp(−fi) g|Ui
is Ka¨hler. The Lee form θ is completely determined by ω, and in this case there is an
explicit formula given by
θ = −
1
n− 1
(δω) ◦ J,
where δ is the codifferential and 2n is the dimension of M . There is a distinguished class
of LCK manifolds satisfying that the Lee form is parallel with respect to the Levi Civita
connection of the Hermitian metric g, namely Vaisman manifolds which have been much
studied by Vaisman (see [35, 36]) and recently by many authors, see for instance [33, 18].
Returning to the class of LCS manifolds, we recall next a definition due to Vaisman
(see [37]) about two different types of LCS structures. If (ω, θ) is a LCS structure on M ,
a vector field X is called an infinitesimal automorphism of (ω, θ) if LXω = 0, where L
denotes the Lie derivative. This implies LXθ = 0 as well and, as a consequence, θ(X) is
a constant function on M . We consider χω(M) = {X ∈ X(M) : LXω = 0} which is a
Lie subalgebra of X(M), then the map θ|χω(M) : χω(M) → R is a well defined Lie algebra
morphism called the Lee morphism. If there exists an infinitesimal automorphism X such
that θ(X) 6= 0, the LCS structure (ω, θ) is said to be of the first kind, and it is of the
second kind otherwise. This condition is equivalent to verifing whether the Lee morphism
is surjective or identically zero.
There is more information about LCS structures of the first kind, for example, in [37]
interesting relations with contact geometry are shown and it is proved that a manifold
with a LCS structure of the first kind admits distinguished foliations.
There is another way to distinguish LCS structures in terms of a suitable cohomology.
In order to do this, one can deform the de Rham differential d to obtain the adapted
differential operator
dθα = dα− θ ∧ α,
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for any differential form α ∈ Ω∗(M). Since θ is d-closed, this operator satisfies d2θ = 0,
thus it defines the adapted cohomology H∗θ (M) of M relative to the closed 1-form θ,
known as the Morse-Novikov cohomology. If θ is exact, it is easy to see that H∗θ (M)
∼=
H∗dR(M). It is known that if M is a compact oriented n-dimensional manifold, then
H0θ (M) = H
n
θ (M) = 0 for any non exact closed 1-form θ (see for instance [19, 20]). It
is also known that for any compact Vaisman manifold the Morse-Novikov cohomology is
trivial (see [28]). For any LCS structure (ω, θ) on M , the 2-form ω defines a cohomology
class [ω]θ ∈ H
2
θ (M), since dθω = dω − θ ∧ ω = 0. Because of that, it is natural to study
the Morse-Novikov cohomology for a LCS manifold with respect to its Lee form. The
LCS structure (ω, θ) is said to be exact if ω is dθ-exact or [ω]θ = 0, i.e. ω = dη − θ ∧ η
for some 1-form η, and it is non-exact if [ω]θ 6= 0. It was proved in [37] that if the LCS
structure (ω, θ) is of the first kind on M then ω is dθ-exact, i.e. [ω]θ = 0. The converse,
however, need not be true.
In this work we focus on left invariant LCS structures on Lie groups. Recall that a LCS
structure (ω, θ) on a Lie group G is called left invariant if ω is left invariant, which easily
implies that θ is also left invariant using condition (1). Accordingly, we say that a Lie
algebra g admits a locally conformal symplectic (LCS) structure if there exist ω ∈
∧2
g∗
and θ ∈ g∗, with ω non degenerate and θ closed, such that (1) is satisfied. Since ω is a
non degenerate 2-form, we have an isomorphism g → g∗ given by X → iXω. Therefore
there exists a distinguished element V ∈ g such that iV ω = θ, this vector is called the
Lee vector of the LCS structure (ω, θ) following the notation of [14].
As in the case of manifolds we have that a LCS structure (ω, θ) on a Lie algebra g
can be of the first kind or of the second kind. Indeed, let us denote by gω the set of
infinitesimal automorphisms of the LCS structure, that is,
(2) gω = {x ∈ g : Lxω = 0} = {x ∈ g : ω([x, y], z) + ω(y, [x, z]) = 0 for all y, z ∈ g}.
Note that gω ⊂ g is a Lie subalgebra, thus the restriction of θ to gω is a Lie algebra
morphism called Lee morphism. The LCS structure (ω, θ) is said to be of the first kind if
the Lee morphism is surjective, and of the second kind if it is identically zero (see [14]).
For a Lie algebra g and a closed 1-form θ ∈ g∗ we also have the Morse-Novikov coho-
mology H∗θ (g) defined by the differential operator
dθα = dα− θ ∧ α,
on
∧∗
g∗. According to [30], this Morse-Novikov cohomology coincides with the Lie algebra
cohomology of g with coefficients in a 1-dimensional g-module Vθ, where the action of g
on Vθ is given by
(3) Xv = −θ(X)v, X ∈ g, v ∈ Vθ.
The fact that θ is closed guarantees that this is a Lie algebra representation.
As in manifolds, we have that a LCS structure (ω, θ) on a Lie algebra is said to be
exact if [ω]θ = 0 or non exact if [ω]θ 6= 0.
Returning to Lie groups we know that on a simply connected Lie group any left invari-
ant LCS structure turns out to be globally conformal to a symplectic structure, which is
equivalent to having a symplectic structure on the Lie group. Therefore we will study
compact quotients of such a Lie group by discrete subgroups, which will be non simply
connected and will inherit a ’strict’ LCS structure. Recall that a discrete subgroup Γ of
a simply connected Lie group G is called a lattice if the quotient Γ\G is compact. The
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quotient Γ\G is known as a solvmanifold if G is solvable and as a nilmanifold if G is
nilpotent, and in these cases we have that pi1(Γ\G) ∼= Γ.
We note that a LCS structure of the first kind on a Lie algebra g induces a LCS
structure of the first kind on any solvmanifold Γ\G with Lie(G) = g.
2.1. Lie algebras with LCS structures of the first kind. Let g a Lie algebra with
a LCS structure (ω, θ) of the first kind. Then, according to [14], ω is dθ-exact, that is,
there exists a 1 form η such that dθη = dη − θ ∧ η = ω. There is a distinguished vector
U ∈ g such that η = −iUω, this vector is called the anti-Lee vector.
Lie algebras equipped with LCS structures of the first kind were studied recently in [14].
We briefly recall some results. Firstly, it is proved that if g is a unimodular Lie algebra
with an exact LCS structure (ω, θ) then (ω, θ) is of the first kind. As we mentioned above
the converse is true, due to Vaisman. Therefore we have
Proposition 2.1 ([14]). If g is a unimodular Lie algebra with a LCS structure (ω, θ),
then (ω, θ) is of the first kind if and only if (ω, θ) is exact.
In [14] it is also established a relation between LCS structures of the first kind and
both contact and symplectic structures. Recall that a (2n + 1)-dimensional Lie algebra
h is a contact Lie algebra if it admits a contact structure, that is, a 1-form η such that
η ∧ (dη)n 6= 0. This form η is called the contact form and the unique vector V ∈ h
satisfying η(V ) = 1 and iV dη = 0 is called the Reeb vector of the contact structure.
Proposition 2.2 ([14]). There is a one to one correspondence between contact Lie alge-
bras (h, η) of dimension (2n + 1) endowed with a derivation D such that η ◦D = 0 and
(2n+2)-dimensional LCS Lie algebras of the first kind (g, ω, θ). The relation is given by
h = ker θ, ω = dθη and D = adU where U is the anti-Lee vector.
It is well known that if (h, η) is a contact Lie algebra then the center z(h) of h has
dimension at most 1, furthermore if z(h) is not trivial then it is generated by the Reeb
vector, that is, z(h) = span{V }. For a Lie algebra g with a LCS structure of the first
kind where the Lee vector V is central the following result is known
Proposition 2.3 ([14]). There is a one to one correspondence between Lie algebras of
dimension 2n+ 2 admitting a LCS structure of the first kind with central Lee vector and
symplectic Lie algebras (s, β) of dimension 2n endowed with a derivation E such that
β(EX, Y ) + β(X,EY ) = 0 for all X, Y ∈ s.
We explain briefly the correspondence in Proposition 2.3. Let g be a (2n + 2)-
dimensional Lie algebra with a LCS structure of the first kind (ω, θ) with central Lee
vector. It follows from Proposition 2.2 that (ker θ, η) is a contact Lie algebra. It can be
seen that s = ker θ is a Lie algebra with Lie bracket [·, ·]s given by
[X, Y ] = dη(X, Y )V + [X, Y ]s
for all X, Y ∈ s, where V is the Lee vector and [X, Y ]s ∈ s denotes the component of
[X, Y ] in s. It is clear that (ker η, [·, ·]s, dη) is a symplectic Lie algebra and if U is the anti-
Lee vector, then E = adU |ker η is a derivation of ker η satisfying β(EX, Y )+β(X,EY ) = 0
for all X, Y ∈ s. Any derivation satisfying this condition is called a symplectic derivation.
Conversely, let (s, [·, ·]s, β) be a symplectic Lie algebra endowed with a derivation E
such that β(EX, Y ) + β(X,EY ) = 0 for all X, Y ∈ s. Consider now the Lie algebra
g as the double extension of (s, [·, ·]s, β, E), that is, g is given by g = RU ⊕ RV ⊕ s
with Lie bracket defined by [X, Y ] = β(X, Y )V + [X, Y ]s and [U,X ] = EX , for all
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X, Y ∈ s. We define the 1-forms θ, η ∈ g∗ by θ(U) = 1, θ(V ) = 0, η(V ) = 1, η(U) = 0 and
θ(X) = η(X) = 0 for all X ∈ s. Then ω = dη− θ ∧ η defines a LCS structure of the first
kind on g and the Lee vector V is central. In this case we will say that g is the double
extension of s by the pair (E, β) (see [6] for more details).
2.2. Lie algebras of type I. Recall that a Lie algebra g is said to be of type I if all
the eigenvalues of the operator adX are imaginary for all X ∈ g (some of them may be
equal to zero). In [9] these Lie algebras are called algebras of type R, an abbreviation of
rigid. A Lie group is called a group of type I if its Lie algebra is of type I. A connected
Lie group G is characterized by the fact that all eigenvalues of the operator Adg have
absolute value equal to 1 for all g ∈ G.
This class of Lie algebras is in some sense opposite to the class of completely solvable
Lie algebras. Recall that Lie algebra g is said to be of completely solvable if all the
eigenvalues of the operator adX are real for all X ∈ g. Note that any nilpotent Lie
algebra is of type I. Moreover, the intersection between the class of Lie algebras of type
I and the class of completely solvable Lie algebras is exactly the class of nilpotent Lie
algebras. We summarize some properties of Lie algebras of type I (see [32] for further
details about Lie groups or Lie algebras of type I):
• a Lie algebra of type I is in particular unimodular.
• any subalgebra of a Lie algebra of type I is of type I as well.
• let g be a Lie algebra with Levi decomposition g = r⊕ s where r is a radical and
s is the Levi factor. According to [9] we have that g is of type I if and only if s is
compact and r is of type I.
The study of Lie groups (Lie algebras) of type I terefore reduces to the solvable case.
3. LCS structures on solvable Lie algebras of type I
In this section we study LCS structures on Lie algebras of type I and we show that all
of them are of the first kind. In [14] it is proved that any LCS structure on a nilpotent
Lie algebra is of the first kind and the Lee vector is central. Then using the classification
of nilpotent Lie algebras of dimension 4 and 6 they determined which of them admit a
LCS structure. In our work we extend the study of LCS structures to a larger class of
Lie algebras which contains the nilpotent ones, namely the Lie algebras of type I.
We begin our study with this result about the Morse-Novikov cohomology of certain
class of Lie algebra, which includes the Lie algebras of type I.
Theorem 3.1. Let g be a Lie algebra and let θ ∈ g∗ such that θ 6= 0 and dθ = 0. If there
exists A ∈ g such that θ(A) = 1 and adA has all its eigenvalues in iR, then H
∗
θ (g) = 0.
Proof. Let A ∈ g such that θ(A) = 1 and adA has only imaginary eigenvalues (in iR) and
let
ad∗A : (ker θ)
∗ → (ker θ)∗,
be the adjoint operator of adA : ker θ → ker θ. This operator can be extended to∧∗
(ker θ)∗ by
ad∗A(α ∧ β) = ad
∗
A α ∧ β + α ∧ ad
∗
A β,
for α ∈ (ker θ)∗ and β ∈
∧p
(ker θ)∗. Since ad∗A commutes with the exterior derivative d,
it defines a map on cohomology
ad∗A : H
k(ker θ)→ Hk(ker θ).
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Let SpeckA be the set of eigenvalues of the operator ad
∗
A : H
k(ker θ) → Hk(ker θ). In [30]
it is proved that the twisted cohomology H∗θ (g) is non trivial if and only if
1 ∈
n⋃
k=1
SpeckA .
The eigenvalues of ad∗A in
∧k
(ker θ)∗ are sums of k eigenvalues of ad∗A in (ker θ)
∗ (see
[7]). It can be seen that the eigenvalues of ad∗A on H
k(ker θ) are a subset of the previous
ones, that is, they also are sums of k eigenvalues of ad∗A, or equivalently, of adA. Since adA
has imaginary eigenvalues then 1 /∈ SpeckA for any k, and therefore H
∗
θ (g) is trivial. 
Recall that for a nilpotent Lie algebra there is a well know result due to Dixmier:
Theorem 3.2 ([17]). Let g be a nilpotent Lie algebra of dimension n. If θ ∈ g∗ is
non-zero and dθ = 0, then Hpθ (g) = 0 for 0 ≤ p ≤ n.
Note now that this result is a direct consequence of Theorem 3.1. Also, the class of Lie
algebras of type I is a particular case where we can use Theorem 3.1 and we obtain the
following result
Corollary 3.3. Let g a Lie algebra of type I and let θ ∈ g∗ such that θ 6= 0 and dθ = 0.
Then H∗θ (g) = 0.
We consider now a Lie algebra g endowed with a LCS structure. As a consequence of
Theorem 3.1 we obtain
Theorem 3.4. Let (ω, θ) be a LCS structure on a unimodular Lie algebra g. If there
exists A ∈ g such that θ(A) = 1 and adA has all its eigenvalues in iR, then (ω, θ) is of
the first kind.
Proof. According to Theorem 3.1 we have that H∗θ (g) = 0. In particular, H
2
θ (g) = {0},
then ω is θ-exact. Since g is unimodular, it follows from Proposition 2.1 that the LCS
structure (ω, θ) is of the first kind. 
Note that the converse of Theorem 3.4 is not true as we show in the following ex-
ample. Let g be the 4-dimensional Lie algebra denoted by d4 with structure equation
(14,−24,−12, 0) in the Salamon notation 1. According to [5]
ω = e12 − σe24, σ > 0, θ = σe4
is a LCS structure of the first kind. But we can show that there does not exist an element
A ∈ g satisfying the conditions of Theorem 3.4. Indeed, suppose A = ae1+be2+ce3+de4,
with a, b, c, d ∈ R. Since θ(A) = 1, then d = 1
σ
6= 0. The operator adA can be written in
the basis {e1, e2, e3, e4} as 

d 0 0 −a
0 −d 0 b
−b a 0 0
0 0 0 0

 .
Therefore the eigenvalues of adA, {0, d,−d} are not all imaginary, since d 6= 0.
As a consequence of Theorem 3.4 we obtain that a LCS structure on a Lie algebra of
type I (if it exists) is necessarily of the first kind.
1The Salamon notation for the Lie algebra d4 = (14,−24,−12, 0) means that we fix a coframe
{e1, e2, e3, e4} for d∗
4
such that de1 = e14, de2 = −e24, de3 = −e12 and de4 = 0, where eij means ei ∧ ej .
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Corollary 3.5. If g is a Lie algebra of type I, then any LCS structure on g (if it exists)
is of the first kind.
We now exhibit an example of a 6-dimensional Lie algebra not of type I, which admits
LCS structures only of the first kind. Therefore this example shows that the converse of
Corollary 3.5 is not true.
Example 3.6. Let us consider the Lie algebra g with Lie bracket given by
[e2, e3] = e1, [e2, e5] = e2,
[e3, e5] = −e3, [e4, e5] = e1,
in the basis {e1, e2, e3, e4, e5, e6}. Clearly g is not of type I because ade5 has real eigen-
values. Let {e1, e2, e3, e4, e5, e6} be the dual basis. Then the differential d : g∗ →
∧2
g∗ is
given by
de1 = −e23 − e45, de2 = −e25, de3 = e35, de4 = de5 = de6 = 0.
It can be shown that {
ω = e16 − e23 − e45
θ = e6
is a LCS structure on g. Moreover it is of the first kind, since ω = de6(e
1).
We show next that the Lie algebra g admits LCS structures only of the first kind.
In order to prove this fact, we consider a generic closed 1-form θ on g, that is, θ =
ae4 + be5 + ce6 for a, b, c ∈ R. We suppose that θ is the Lee form for a LCS form ω.
If a2 + c2 6= 0 we define A = 1
a2+c2
(ae4 + ce6), then θ(A) = 1 and zero is the only
eigenvalue of adA. It follows from Theorem 3.4 that if (ω, θ) is a LCS structure then it
must be of the first kind.
If θ = be5 it can be seen that ω is degenerate, therefore there is no LCS structure in
this case.
Remark 3.7. According to [4], any solvable unimodular Lie algebra admitting a Vaisman
structure is a Lie algebra of type I. Therefore the LCS structure underlying the Vaisman
structure is of the first kind due to Corollary 3.5. Moreover, any LCK structure of the
first kind on a solvable unimodular Lie algebra is Vaisman according to [34].
Remark 3.8. From Corollary 3.3 we know that the Morse-Novikov cohomology for Lie
algebra of type I admitting a LCS structure (ω, θ) is trivial. This fact was known for a
Vaisman Lie algebra, since there is an injection i∗ : H∗θ (g)→ H
∗
θ (Γ\G) (see [24]) and the
latter is trivial acording to [28].
Remark 3.9. Corollary 3.5 generalizes the result in [14] which states that any LCS
structure on a nilpotent Lie algebra is of the first kind, since every nilpotent Lie algebra
is of type I.
We can see that Proposition 2.2 and Proposition 2.3 can be adapted for Lie algebras
of type I.
Theorem 3.10. There is a one to one correspondence between (2n + 1)-dimensional
contact Lie algebras of type I (h, η) endowed with a derivation D such that η ◦ D = 0
and D has only imaginary eigenvalues and (2n + 2)-dimensional Lie algebras of type I
endowed with a LCS structure of the first kind (g, ω, θ). The relation is given by h = ker θ,
ω = dθη and D = adU .
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Proof. If h is a (2n+1)-dimensional contact Lie algebra of type I endowed with a derivation
D such that D has only imaginary eigenvalues, then it follows from Proposition 2.2 that
g = R⋉D h carries a LCS structure of the first kind, and it is easy to see that g is a Lie
algebra of type I.
Conversely, if g is a Lie algebra of type I, then every subalgebra of g is of type I, in
particular ker θ. Moreover D = adU has only imaginary eigenvalues. Now the result
follows from Proposition 2.2. 
Theorem 3.11. There is a one to one correspondence between (2n+2)-dimensional Lie
algebras of type I admitting a LCS structure of the first kind with central Lee vector and
symplectic Lie algebras of type I (s, β) of dimension 2n endowed with a derivation E such
that β(EX, Y ) + β(X,EY ) = 0 for all X, Y ∈ s and E has only imaginary eigenvalues.
Proof. According to Proposition 2.3 we only need to verify that the Lie algebra g is of
type I if and only s is of type I and the derivation E has only imaginary eigenvalues. We
can write g = RU ⊕ RV ⊕ s and the relation between the Lie bracket of g and the Lie
bracket of s is given by [X, Y ] = β(X, Y )V + [X, Y ]s and [U,X ] = EX , for all X, Y ∈ s,
where β is the symplectic form on s. Let {e1, . . . , en} a basis of s, then we can write
adgX =


0 0 0
0 0 w
zt 0 adsX


in the basis {U, V, e1, . . . , en} of g , where z = −EX , w = (w1, . . . , wn) satisfies wi =
β(X, ei) and ad
s
X represents the adjoint action of X in (s, [X, Y ]s). It is clear that
Spec(adsX) ∪ {0} = Spec(ad
g
X). Therefore g is of type I if and only s is of type I and the
derivation E has only imaginary eigenvalues. 
Remark 3.12. Note that the symplectic forms in the correspondence of Theorem 3.11
are not exact. Indeed, a unimodular Lie algebra does not admit exact symplectic forms
(see [25]).
Remark 3.13. Theorem 3.11 generalizes the result in [14] where a relation between
(2n+2)-dimensional nilpotent Lie algebras admitting a LCS structure and nilpotent Lie
algebras with a symplectic structure and a symplectic nilpotent derivation was estab-
lished.
We show an application of Theorem 3.11. Let us start with a particular case of sym-
plectic Lie algebras of type I, namely the Ka¨hler flat Lie algebras, that is, a flat Lie
algebra (s, 〈· , · 〉) with a complex structure J such that (s, J, 〈· , · 〉) is Ka¨hler where the
fundamental form ω is determined by (J, 〈· , · 〉) (see [11, 31] for a nice description of flat
Lie algebras). In particular it is proved in [31] that a Lie algebra (s, 〈· , · 〉) is flat if and
only if s splits as an orthogonal direct sum b⊕u where b is an abelian subalgebra, u is an
abelian ideal and the linear map adX is skew-symmetric for all X ∈ b. This fact implies
that any flat Lie algebra is a Lie algebra of type I.
We consider nextD a skew-symmetric derivation of s which commutes with the complex
structure, it means that D is a symplectic derivation. Then it follows from Theorem 3.11
that the Lie algebra g which is the double extension of (s, ω) by the derivation D admits
a LCS structure of the first kind. Moreover according to [4] this LCS structure arises
from a Vaisman structure on g.
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It is also possible to take a symplectic derivation of a Ka¨hler flat Lie algebra s which
is not skew-symmetric, and using Theorem 3.11 we obtain a Lie algebra of type I with
a LCS structure which does not arise from a Vaisman structure, according to [4]. For
example we start with the Ka¨hler flat Lie algebra s = r′3,0 × R with structure equation
(0,−13, 12, 0) and symplectic form ω = −e14 + e23. We consider the Lie algebra g given
by the double extension of s by ω and the following derivation
D =


0 0 0 0
0 0 −b 0
0 b 0 0
a 0 0 0

 ,
for a, b ∈ R and a 6= 0, in the basis {e1, e2, e3, e4} of s. Then g = Re6 ⋉D (Re5 ⊕ω s) is a
6-dimensional Lie algebra of type I admitting a LCS structure Ω = −e14 + e23 − e56 with
Lee form θ = e6, which is not LCK.
For a nilpotent Lie algebra with a LCS structure is shown in [14, Theorem 5.15] that
the Lee vector is a central vector and therefore they can be obtained as a double extension
of a symplectic nilpotent Lie algebra with a suitable derivation.
For a Lie algebra of type I the Lee vector is not necessarily in the center of the Lie
algebra. In the next subsection we exhibit an example of a non-nilpotent 4-dimensional
Lie algebra of type I admitting a LCS structure with non central Lee vector, which is then
not covered by Proposition 3.11 and the LCS structure does not arise from a symplectic
Lie algebra (see Example 3.15 below).
3.1. Dimension 4. In this section we determine all 4-dimensional solvable Lie algebras
of type I. For the sake of completeness, we exhibit the classification of LCS structures
on 4-dimensional solvable Lie algebras of type I. For a complete classification of LCS
structures on 4-dimensional Lie algebras see [5].
Let us recall the notation of [2] for some Lie algebras in low dimension in the next
table. Note that r3,−1 is the Lie algebra e(1, 1) of the group of rigid motions of Minkowski
2-space and r′3,0 is the Lie algebra e(2) of the group of rigid motions of Euclidean 2-space.
Lie algebra Lie bracket Salamon notation
aff(R) [e1, e2] = e2 (0,-12)
h3 [e1, e2] = e3 (0,0,-12)
r3,−1 [e1, e2] = e2, [e1, e3] = −e3 (0,-12,-13)
r′3,0 [e1, e2] = −e3, [e1, e3] = e2 (0,-13,12)
n4 [e1, e4] = −e2, [e2, e4] = −e3 (0,14,24,0)
d′4,0 [e1, e2] = e3, [e1, e4] = e2, [e2, e4] = −e1 (24,-14,-12,0)
Proposition 3.14. If g is a 4-dimensional solvable Lie algebra of type I then g is iso-
morphic to one of the following: r′3,0 × R, h3 × R, d
′
4,0 or n4.
Proof. According to [2] any 4-dimensional solvable real Lie algebra g is a semidirect
product of R with a 3-dimensional unimodular ideal. Then g can be written as g = R⋉Du
where u is an ideal of g isomorphic to either R3, h3, r3,−1 or r
′
3,0 and D is a derivation of
u.
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If u = h3 then according to [2] a generic derivation of u has the form
D =

 a cb d
x y 0

 ,
with respect to the basis {e1, e2, e3} such that [e1, e2] = e3. We may assume x = y = 0
after a change of basis. It is easy to see that g is of type I if and only if det(A) ≥ 0 and
tr(A) = 0 where A =
(
a c
b d
)
. We can assume that A is in its Jordan form, then A takes
the form A = 0 or A =
(
0 1
0 0
)
or A =
(
0 −1
1 0
)
. Therefore g is isomorphic to either
h3 × R or n4 or d
′
4,0.
If u = r3,−1 then g is not of type I.
If u = r′3,0 then according to [2] a generic derivation of u has the form
D =

 0 0 0c a −b
d b a

 ,
with respect to the basis {e1, e2, e3} such that [e1, e2] = e3 and [e1, e3] = −e2. It is easy to
see that in this case g is of type I if and only if a = 0, it may be shown that g = r′3,0×R
according to [2].
If u = R3, according to [2] we may assume that D is one of the following:
D =

 a 0 00 b 0
0 0 c

 , D =

 a 0 00 b 1
0 0 b

 , D =

 a 1 00 a 1
0 0 a

 , D =

 a 0 00 b −1
0 1 b

 .
It can be shown that g = R⋉D R
3 is of type I if and only if either D = 0 or
D =

 0 0 00 0 1
0 0 0

 , D =

 0 1 00 0 1
0 0 0

 , D =

 0 0 00 0 −1
0 1 0

 .
Therefore (except for the abelian Lie algebra) g is isomorphic to h3 × R, or n4, or r
′
3,0 ×
R. 
We exhibit now LCS structures on the non nilpotent Lie algebras obtained in Propo-
sition 3.14, namely r′3,0 × R and d
′
4,0. The nilpotent ones were studied in [14].
Example 3.15. We consider first the 4-dimensional Lie algebra r′3,0 × R with structure
equations (0,−13, 12, 0). Then r′3,0 × R admits a basis {e1, e2, e3, e4} such that the only
no zero Lie bracket are [e1, e2] = e3 and [e1, e3] = −e2. The adjoint action of e1 is
ade1 =
(
0 −1
1 0
)
, therefore it is a Lie algebra of type I, but not nilpotent. It was shown
in [3] that the Lie algebra r′3,0×R admits LCS structures only of the first kind. This fact
can be seen as a direct consequence of Corollary 3.5. It follows from [5] that the generic
LCS structure for this Lie algebra is
ω = e13 − e24, θ = e4,
where {e1, e2, e3, e4} is the dual basis of {e1, e2, e3, e4}. Note that the Lee vector for this
LCS structure is e1 and it is not a central vector, therefore this example is not covered
by Theorem 3.11. It is known that the simply connected Lie group associated to this Lie
algebra admits lattices, therefore the corresponding solvmanifold has a LCS structure of
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the first kind. This solvmanifold admits a complex structure and as a compact complex
surface it is a Inoue surface of type S0. This example was our motivation to study Lie
algebras of type I with LCS structures.
Example 3.16. We consider now the Lie algebra denoted by d′4,0 with structure equa-
tions (24,−14,−12, 0). Then d′4,0 admits a basis {e1, e2, e3, e4} with Lie bracket given by
[e1, e2] = e3, [e1, e4] = e2 and [e2, e4] = −e1. We determine next the LCS forms in d
′
4,0. It
is easy to see that a LCS structure (ω, θ) in d′4,0 is given by
ω = a1e
14 + a2e
24 + a3e
34 + a3e
12, θ = e4,
where {e1, e2, e3, e4} is the dual basis of {e1, e2, e3, e4}, for some a1, a2, a3 ∈ R and a3 6= 0.
It follows from [5] that these LCS structures on d′4,0 are equivalent, up to automorphisms
of the Lie algebra, to one of the following:
ω = e12 − ce34, θ = ce4, c > 0.
It follows from Corollary 3.5 that all these LCS structures are of the first kind. It is also
easy to verify this fact from the definition. It is well known that the corresponding simply
connected Lie group G associated to the Lie algebra d′4,0 admits lattices. In fact, in [4]
three families of lattices in G, namely Λk,pi
2
,Λk,pi and Λk,2pi with k ∈ N, were exhibited.
It was also shown that the solvmanifolds Λk,pi
2
\G and Λk,pi\G are secondary Kodaira
surfaces, while Λk,2pi\G is diffeomorphic to a nilmanifold Γ\R × H3, which is a primary
Kodaira surface. It can be seen that the LCS 2-form induced by ω on Γ\R ×H3 is not
invariant for the nilpotent group R×H3.
We summarize the Lie algebras of type I in dimension 4 and we exhibit a LCS structure
for each of them in the next table.
Lie algebra structure equations LCS structure nilpotent
h3 × R (0, 0,−12, 0) ω = e
12 − e34, θ = e4 X
n4 (0, 14, 24, 0) ω = e
13 − e24, θ = e1 X
r′3,0 × R (0,−13, 12, 0) ω = e
12 + e13 − e24, θ = e4 ×
d′4,0 (24,−14,−12, 0) ω = e
12 − e34, θ = e4 ×
Table 1. 4-dimensional Lie algebras of type I.
Remark 3.17. In dimension 4 we have a converse of Corollary 3.5, that is, any solvable
Lie algebra admitting LCS structures only of the first kind are Lie algebras of type I. The
proof of this fact follows directly from the classification of LCS structures in 4-dimensional
Lie algebras given in [5].
3.2. LCS Lie algebras of type I in dimension 6. Recall that 6-dimensional nilpotent
Lie algebras admitting a LCS structure were classified in [14]. In this section we focus
on Lie algebras of type I, which are not nilpotent, admitting a LCS structure. As we
mentioned in Theorem 3.10 there is a one to one correspondence between 2n-dimensional
Lie algebras of type I with a LCS structure and (2n−1)-dimensional contact Lie algebras
of type I endowed with a suitable derivation.
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First we study 5-dimensional Lie algebras of type I with a contact structure. We recall
first that 5-dimensional Lie algebras with a contact structure were classified in [16]. We
summarize this classification:
(i) If g is solvable and non-decomposable there are 24 non-isomorphic 5-dimensional
Lie algebras admitting a contact structure (see [16, Section 5]). After some compu-
tations one can verify that the only solvable non-decomposable 5-dimensional Lie
algebras of type I admitting a contact 1-form η are:
(1) [e2, e4] = e1, [e3, e5] = e1, η = e
1
(2) [e3, e4] = e1, [e2, e5] = e1, [e3, e5] = e2, η = e
1
(3) [e3, e4] = e1, [e2, e5] = e1, [e3, e5] = e2, [e4, e5] = e3, η = e
1
(4) [e2, e3] = e1, [e2, e5] = e3, [e3, e5] = e2, [e4, e5] = e1, η = e
1.
(ii) If g is solvable and decomposable we have two options:
(a) g = aff(R)⊕ h with h a 3-dimensional Lie algebra different from R⋉Id R
2,
(b) g = R⊕ h where h is a 4-dimensional Lie algebra with a exact symplectic form.
In the first case g = aff(R)⊕ h is not of the type I because aff(R) is not of type I.
In the second case, g = R⊕ h cannot be unimodular according to Remark 3.12, in
particular it cannot be of type I.
(iii) If g is non-solvable, then g is one of the following: aff(R)⊕ sl(2), aff(R)⊕ so(3), or
a semidirect product sl(2)⋉R2. But it is clear that aff and sl(2) are not of type I,
therefore g is not of type I. Therefore we obtain the following result.
Corollary 3.18. If g is a 5-dimensional Lie algebra of type I admitting a contact struc-
ture, then g is solvable and non-decomposable and it is isomorphic to one of the Lie
algebras in Table 2.
Lie algebra Lie bracket contact structure nilpotent
h5 [e2, e4] = e1, [e3, e5] = e1 η = e
1 X
n1 [e3, e4] = e1, [e2, e5] = e1, [e3, e5] = e2 η = e
1 X
n2 [e3, e4] = e1, [e2, e5] = e1, [e3, e5] = e2, [e4, e5] = e3 η = e
1 X
h [e2, e3] = e1, [e2, e5] = e3, [e3, e5] = −e2, [e4, e5] = e1 η = e
1 ×
Table 2. 5-dimensional Lie algebras of type I with a contact structure.
Remark 3.19. For each Lie algebra in Table 2, it is possible to show that η = e1 is the
only contact form, up to automorphism of Lie algebras.
The Lie algebras h5, n1 and n2 in Table 2 are nilpotent, where h5 is the 5-dimensional
Heisenberg Lie algebra. The Lie algebra h from Table 2 is the only 5-dimensional unimod-
ular solvable non nilpotent Lie algebra admitting a Sasakian structure according to [1].
According to [4] any (2n− 1)-dimensional unimodular solvable Lie algebra s admitting a
Sasakian structure has non trivial center generated by the Reeb vector. Moreover, this
Lie algebra s is a subalgebra of a Vaisman Lie algebra g of dimension 2n, and according
to [4] this Lie algebra g is of type I, and therefore s is a Lie algebra of type I as well.
Corollary 3.20. Any unimodular solvable Lie algebra admitting a Sasakian structure is
a Lie algebra of type I.
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We next determine all the derivations for each Lie algebra in Table 2. Computations
have been performed with the help of Maple. Any derivation D of each Lie algebra can
be written in the basis {e1, e2, e3, e4, e5} as follows
h5 : D =


d11 d12 d13 d14 d15
0 d22 d23 d24 d25
0 d32 d33 d25 d35
0 d42 d43 d11 − d22 −d32
0 d43 d53 −d23 d11 − d33

 ,
n1 : D =


d11 d12 d13 d14 d15
0 d22 d23 d24 d25
0 0 2d22 − d11 0 d24
0 0 d43 2d11 − 2d22 d12 − d23
0 0 0 0 d11 − d22

 ,
n2 : D =


5d55 d12 d13 d14 d15
0 4d55 d23 d24 d25
0 0 3d55 d23 d24 − d13
0 0 0 2d55 d12 − d23
0 0 0 0 d55

 ,
h : D =


2d22 d12 d13 d14 d15
0 d22 d23 0 d12
0 −d23 d22 0 d13
0 0 0 2d22 d45
0 0 0 0 0

 ,
where dij ∈ R for 1 ≤ i, j ≤ 5.
We use the derivations above to build explicit examples of Lie algebras of type I in
dimension 6 equipped with a LCS structure.
3.2.1. Case n1. We consider the nilpotent Lie algebra n1 with a general derivation D. It
can be seen that the eigenvalues of D are {d11, d22,−d11 + 2d22, 2d11 − 2d22, d11 − d22}.
According to Theorem 3.10 the derivation D should have only imaginary eigenvalues.
Then d11 = d22 = 0 and D is a nilpotent matrix. Therefore the Lie algebra g = R⋉D n1
will be a nilpotent Lie algebra (see [14] for a classification of LCS nilpotent Lie algebras
in dimension 6).
3.2.2. Case n2. Next we regard the nilpotent Lie algebra n2 with a general derivation D.
If we request D to have only imaginary eigenvalues, then D will be a nilpotent matrix
and therefore g = R⋉D n2 will be a nilpotent Lie algebra.
3.2.3. Case h5. We consider now the Heisenberg Lie algebra h5 with the contact structure
given by η = e1. According to Theorem 3.10 we request that η ◦D = 0, then we obtain
that d11 = d12 = d13 = d14 = d15 = 0 and therefore D can be written as follow
(4) D =

 0 A B
C −At


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where A,B,C ∈ gl(2,R) with Bt = B and Ct = C. Note that in this case we have many
possibilities to takeD satisfying that its eigenvalues are imaginary andD is non-nilpotent.
For example B = C = 0, trA = 0 and detA > 0.
Now we exhibit a example of a 6-dimensional Lie algebra of type I admitting a LCS
structure starting with the contact Lie algebra (h5, η = e
1). This example is interesting
because later we will show that the simply connected Lie groups associated to some of
these Lie algebras admit lattices as we will show in the next section.
We define g = R⋉D h5 where
(5) D =


0 0 0 0 0
0 0 0 −1 0
0 0 0 0 0
0 1 0 0 0
0 0 b 0 0


in the basis {e1, e2, e3, e4, e5} of h5. Note that D is as in (4) with A = 0, C =
(
1 0
0 b
)
,
and B =
(
−1 0
0 0
)
. Then D is a derivation of h5, and g is a Lie algebra with Lie bracket
[e2, e4] = e1, [e3, e5] = e1,
[e0, e2] = e4, [e0, e3] = be5, [e0, e4] = −e2,
for b ∈ R in the basis {e0, e1, e2, e3, e4, e5} of g = Re0⋉D h5. Since D is non-nilpotent and
the eigenvalues of D are {0, i,−i}, then according to Theorem 3.10 g is a non-nilpotent
Lie algebra of type I and
{
θ = e0
ω = dθe
1 = −e01 − e24 − e35,
is a LCS structure of the first kind on g where {e0, e1, e2, e3, e4, e5} denotes the dual basis
of g∗. We denote this Lie algebra by g1,b. When b = 0 the LCS structure on g1,0 arises
from a Vaisman structure (see [4]). It can be proved that g1,b is isomorphic to g1,1 for
b 6= 0, and g1,1 is not isomorphic to g1,0.
3.2.4. Case h. Finally we consider the Lie algebra h with the contact structure given by
η = e1. Assuming η ◦D = 0 we reduce D as follow
(6) D =


0 0 0 0 0
0 0 −d23 0 0
0 d23 0 0 0
0 0 0 0 d45
0 0 0 0 0


Note that if d23 6= 0 we can assume d23 = 1.
Now we construct a example of a 6-dimensional Lie algebra of type I admitting a LCS
structure starting with the contact Lie algebra (h, η) with η = e1. In the next section
we show that the simply connected Lie group associated to some of these Lie algebras
admits lattices.
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Let g be the Lie algebra given by g = R⋉D h where D is the following derivation of h
(7) D =


0 0 0 0 0
0 0 −1 0 0
0 1 0 0 0
0 0 0 0 b
0 0 0 0 0

 ,
for some b ∈ R. Then the Lie bracket on g can be written in the basis {e0, e1, e2, e3, e4, e5}
as follows
[e2, e3] = e1, [e5, e2] = −e3, [e5, e3] = e2, [e5, e4] = −e1,
[e0, e5] = be4, [e0, e2] = e3, [e0, e3] = −e2.
It is easy to verify that the eigenvalues of D are {0, i,−i}. Since h is a contact Lie algebra
of type I, it follows from Theorem 3.10 that g is a non-nilpotent Lie algebra of type I,
and {
θ = e0
ω = ω = de0(e
1) = −e01 − e23 − e45,
is a LCS structure of the first kind on g where {e0, e1, e2, e3, e4, e5} denotes the dual basis
of g∗. We denote this Lie algebra by g2,b. When b = 0 the LCS structure on g2,0 arises
from a Vaisman structure (see [4]). It can be proved that g2,b is isomorphic to g2,1 for
b 6= 0, and g2,1 is not isomorphic to g2,0.
4. Solvmanifolds with LCS structures
We now exhibit lattices in the simply connected Lie groups associated to the Lie alge-
bras g1,b and g2,b constructed in the previous section.
We consider first the Lie algebra g1,b = Re0 ⋉D h5 with D given by (5). We denote
by G1,b the simply connected Lie groups associated to g1,b. Then G1,b = R ⋉ϕ H5 is an
almost nilpotent Lie group where ϕ : H5 → H5 is
ϕ(t) = etD =


1 0 0 0 0
0 cos t 0 − sin t 0
0 0 1 0 0
0 sin t 0 cos t 0
0 0 tb 0 1

 ,
and H5 denotes the 5-dimensional Heisenberg Lie group, i.e. the Euclidean manifold R
5
equipped with the following product:
(z, x1, y1, x2, y2) ·(z
′, x′1, y
′
1, x
′
2, y
′
2) = (z+z
′+
1
2
(x1y
′
1−x
′
1y1+x2y
′
2−x
′
2y2), x1+x
′
1, y2+y
′
2).
We exhibit a lattice in G1,b for some values of b. Firstly, for any k ∈ N consider the
lattice Γk in H5 given by Γk =
1
2k
Z × Z × Z × Z × Z. Let γ = (m
2k
, p, q, r, s) ∈ Γk, then
ϕ(t)(γ) ∈ Γk if and only if 

p cos t− r sin t ∈ Z
p sin t− r cos t ∈ Z
qtb+ s ∈ Z.
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Taking t0 ∈ {
pi
2
, pi, 2pi} and b = 1
t0
it is easy to see that Γk is invariant under the subgroup
generated by ϕ(t0). Therefore Λk,t0 = t0Z ⋉ Γk is a lattice in G1, 1
t0
. Then
Λk,t0\G1, 1
t0
,
for any k ∈ Z, are examples of 6-dimensional solvmanifolds of type I admitting a LCS
structure. Note that for t0 = 2pi, then ϕ(2pi) = Id, and Λk,2pi = 2piZ ⋉ Γk, which is iso-
morphic to a lattice in R×H2n+1. Therefore, we have that the solvmanifold Λk,2pi\G1,1/2pi
is isomorphic to the nilmanifold S1 × Γk\H2n+1. For the other values of t0 we obtain
solvmanifolds which are covered for this nilmanifold.
We consider now, the Lie algebra g2,b. It is easy to see that this Lie algebra can be
written as
g = Re0 ⋉D (Re4 ⋉ψ (Re5 ⋉ρ h3)),
where
D = ade0 =


0 b 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 −1
0 0 0 1 0

 , U = ade4 |span{e5,e1,e2,e3} =


0 0 0 0
1 0 0 0
0 0 0 0
0 0 0 0

 ,
V = ade5 |span{e1,e2,e3} =

0 0 00 0 1
0 −1 0

 .
Then G = Re0 ⋉φ Re4 ⋉ψ Re5 ⋉ρ H3 where φ(t) = e
tD, ψ(t) = etU and ρ(t) = etV . H3
is 3-dimensional Heisenberg Lie group, i.e. the Euclidean manifold R3 equipped with the
product
(z, x, y) · (z′, x′, y′) = (z + z′ +
1
2
(xy′ − x′y), x+ x′, y + y′).
For any k ∈ N consider the lattice Γk in H3 given by Γk =
1
2k
Z × Z × Z. Any lattice
Γk is invariant under the subgroup generated by ρ(
pi
2
), then L = pi
2
Z ⋉ρ Γk is a lattice in
Re5 ⋉ρ H3.
Now we see that ψ( 2
pi
) preserves L, then we have that Λ = 2
pi
Z ⋉ψ L is a lattice in
Re4 ⋉ψ Re5 ⋉ρ H3.
Finally we look for t0 6= 0 such that Λ is preserved by the subgroup generated by φ(t0).
It can be shown that if b = 8
pi3
, then Λ is invariant under the subgroup generated by φ(pi
2
).
Therefore for this value of b,
Γ =
pi
2
Z ⋉φ
2
pi
Z ⋉ψ
pi
2
Z ⋉ρ Γk
is a lattice in G for any k ∈ N. Then Γ\G (for any k ∈ Z) are examples of 6-dimensional
solvmanifolds of type I admitting a LCS structure.
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